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Recent progress has witnessed that various topological physics can be simulated by electric circuits under
alternating current. However, it is still a nontrivial problem if it is possible to simulate the dynamics subject to the
Schrödinger equation based on electric circuits. In this work, we reformulate the Kirchhoff law in one dimension
in the form of the Schrödinger equation. As a typical example, we investigate quantum walks in LC circuits.
We also investigate how quantum walks are different in topological and trivial phases by simulating the Su-
Schrieffer-Heeger model in electric circuits. We then generalize them to include dissipation and nonreciprocity
by introducing resistors, which produce non-Hermitian effects. We point out that the time evolution of one-
dimensional quantum walks is exactly solvable with the use of the generating function made of the Bessel
functions.
Electric circuits have demonstrated their usefulness in the
field of condensed-matter physics since they can simulate var-
ious topological physics1–16. It has been proved that the circuit
Laplacian and the tight-binding Hamiltonian have a one-to-
one correspondence when an alternating current is applied1,2.
It is yet an open problem whether the dynamics governed by
the Schrödinger equation can be simulated by electric circuits.
A simplest dynamical problem would be a one-dimensional
quantum walk, which we wish to explore.
Quantum walk is a diffusion process governed by the
Schrödinger equation17–22. As a function of time, its stan-
dard deviation spreads linearly and faster than a classical ran-
dom walk which spreads proportional to the square root of
time23,24. Quantum walk is a basic concept in quantum in-
formation processes including quantum search25,26, universal
quantum computation27,28 and quantum measurement29. It is
realized in photonic lattice30–33, wave guide34 and nuclear-
magnetic-resonance35,36.
In this paper, first we demonstrate the mathematical equiv-
alence between the telegrapher equation and the Schrödinger
equation. It implies that any solution of the telegrapher equa-
tion is given by the wave function of the Schrödinger equation,
although they may describe different physical objects. Con-
versely, the dynamics governed by the Schrödinger equation
can be simulated by electric circuits. Second, as an explicit ex-
ample, we solve the telegrapher equation analytically to sim-
ulate a quantum walker in electric circuits. Third, we investi-
gate how quantum walks are different in topological and triv-
ial phases. For this purpose we propose an electric-circuit sim-
ulation of the Su-Schrieffer-Heeger (SSH) model. Topologi-
cal and trivial phases are well distinguished by the time evo-
lution of a quantum walk starting from the edge. Finally, we
study a nonreciprocal non-Hermitian quantum walk, where it
is found that a quantum walker linearly displaces while the
variance increases only linearly as a function of time. It is
highly contrasted to a reciprocal quantum walk.
Quantum walk based on LC electric circuits: Our system
is a chain of electric circuit shown in Fig.1. It describes the
telegrapher equation provided the system is homogeneous. An
inhomogeneous circuit is constructed by choosing the sample
parameters different depending on the position in a chain. An
FIG. 1: Illustration of an electric circuit realizing an inhomogeneous
telegrapher equation.
electric circuit is characterized by the Kirchhoff laws (Fig.1),
Lx
d
dt
Ix =Vx−1 − Vx −RLx Ix. (1)
Cx
d
dt
Vx =Ix − Ix+1 − Vx/RCx , (2)
The first equation is the Kirchhoff voltage law with respect
to the voltage difference between two nodes Vx and Vx−1,
which is equal to the voltage drop by the resistor Rx and the
inductive electromotive force by the inductor Lx. The second
equation is the Kirchhoff current law with respect to the cur-
rent conservation at one node Vx, where the current flows to
the ground via the the conductor Cx and the resister RCx in
paralell. They are combined into a second-order differential
equation by deleting I or V in the standard treatment37.
We first analyze the homogeneous case such that Cx = C,
Lx = L, RLx = R
L and RCx = R
C . We make a scale trans-
formation
Vk = Vk, Ik =
√
L
C
Ik, (3)
so that Vk and Ik have the same dimension, where
√
L/CIk
is the voltage drop per unit length. The set of equations (1) and
(2) are reformulated in the form of the Schrödinger equation,
i∂tψk = H (k)ψk, (4)
with the wave function ψk = (Ik,Vk)t, and the Hamiltonian
H (k) =
(
−iRLL − i√LC
(
1− e−ik)
i√
LC
(
1− eik) −i 1
CRC
)
. (5)
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2FIG. 2: (a) Time evolution of a quantum walk in electric circuits. (b)
Time evolution of a quantum walk with nonreciprocity (γ = 1.25)
and dissipation (R = 0.4). The vertical axis is the LDOS constructed
from (8), which is the square of voltage. We have set Lx = Cx = 1.
This Hamiltonian is non-Hermitian due to the diagonal re-
sister terms−iRC and−iRL. The "energy spectrum" is given
by
E = −iR
L/L + 1/CRC
2
±
√
4
LC
sin2 k −
(
RL
L
− 1
CRC
)2
.
(6)
The dynamics is solved as ψk (t) = e
iH(k)tψk (0).
For simplicity we set RL/L = 1/CRC = R. The tele-
grapher equation is a set of equations (2) and (1), which is
converted to
i
d
dt
ψx =
i√
LC
ψx−1 − iRψx −
i√
LC
ψx+1, (7)
by transforming (4) into the real space, where we have defined
ψx = (· · · , Ix−1,Vx−1, Ix,Vx, Ix+1,Vx+1, · · · )t . (8)
Let us show that transient phenomena described by (7) to-
gether with appropriate initial conditions are mathematically
equivalent to the dynamics of quantum walkers.
We start with a quantum walker starting from x = 0 at
t = 0. Namely, we solve (7) by imposing the initial condition
ψx = δx0 at t = 0. The analytic solution is obtained as
ψx = e
−RtJ|x|
(
2√
LC
t
)
, (9)
where Jx is the Bessel function. We show the time evolution
of the eigenstate in Fig.2(a). The eigenstate is observable by
measuring the voltage and the current.
We discuss analytically how the wave packet describing the
quantum walker spreads throughout the lattice as shown in
Fig.2(a). We define a generating function by24
G (k) =
∞∑
x=−∞
|ψx (t)|2 ekx. (10)
Using the sum formula of the Bessel function,
∞∑
x=−∞
J2|x| (t) e
kx = I0
(
t
√
2 (cosh k − 1)
)
, (11)
FIG. 3: Electric-circuit simulation of interference experiment. (a)
Time evolution of two quantum walkers starting from two points. (b)
Absolute value of the LDOS at a fixed time t. The magenta (cyan)
curve corresponds to the probability to find the right (left) walker at
a certain point, while the black curve corresponds to the probability
to find a walker at a certain point. The black curve clearly forms an
interference pattern. We have set L = C = 1, R = 0 and t = 30.
we find
G (k) = e−2RtI0
(
2t
√
2 (cosh k − 1)
LC
)
, (12)
where I0 is the modified Bessel function. The n-th moment is
calculated as
〈xn〉 = lim
k→0
dnG (k)
dkn
. (13)
The total density decreases as
〈1〉 = G (0) = e−2Rt (14)
in the presence of the dissipation R. Indeed, we obtain∑∞
x=−∞ |ψx (t)|2 = 1 for R = 0. The mean position is〈x〉 = 0, while the variance is
〈
x2
〉
=
4t2
LC
e−2Rt. (15)
Hence, in the absence of the dissipation (R = 0), the vari-
ance diffuses quadratically or the standard deviation increases
linearly as a function of time. This is a manifestation of a
quantum walk23,24.
Interference experiment: We analyze the problem of two
quantum walkers. Let their starting points be x± x0 at t = 0.
The eigen function is simply given by a linear superposition
of two eigenstates of the type (9),
ψx = ψ
+
x +ψ
−
x , (16)
where
ψ±x = e
−RtJ|x±x0|
(
2√
LC
t
)
. (17)
We show the absolute value of ψx for a fixed time in Fig.3(b).
An interference pattern is clearly observed.
3Quantum walk in inhomogeneous system: We generalize
the results to an inhomogeneous system. By making a spatial
dependent scale transformation
Vx = αxVx, Ix = βxIx (18)
in (1) and (2), we obtain equations
i
d
dt
Ix = iαx−1
βxLx
Vx−1 − iR
L
x
Lx
Ix − iαx
βxLx
Vx. (19)
i
d
dt
Vx = iβx
αxCx
Ix − i
CxRCx
Vx −
iβx+1
αxCx
Ix+1, (20)
These equations lead to a non-Hermitian Hamiltonian.
By choosing αx =
√
C1/Cx and βx =
√
C1/Lx in (18),
the set of equations become
i
d
dt
Ix =i
√
1
LxCx−1
Vx−1 − iR
L
x
Lx
Ix − i
√
1
LxCx
Vx. (21)
i
d
dt
Vx =i
√
1
LxCx
Ix − i
CxRCx
Vx − i
√
1
Lx+1Cx
Ix+1,
(22)
When we set RLx /Lx = 1/CxR
C
x = R for simplicity, the cor-
responding tight-binding Hamiltonian has a particularly sim-
ple form,
H =
∑
x
tx
(|ψx〉 〈ψx+1∣∣+ ∣∣ψx+1〉 〈ψx|)− iR |ψx〉 〈ψx| ,
(23)
with t2x−1 = 1/
√
LxCx and t2x = 1/
√
Lx+1Cx. Here,
tx represents the hopping parameter between two sites x and
x + 1. The inverse solutions are given by
Lx
L1
=

x−1∏
j=1
t2j−1
x−1∏
j=1
t2j

2
,
Cx
C1
=

x−1∏
j=1
t2j+1
x−1∏
j=1
t2j

2
. (24)
Consequently, it is possible to arrange capacitors Cx and in-
ductors Lx to reproduce various tight-binding models with ar-
bitrary hopping parameters tx.
Quantum walks in topological and trivial phases: We pro-
ceed to investigate how quantum walks are different in topo-
logical and trivial phases. The simplest model possessing
these phases is given by the SSH model41. The SSH model
is given by the Hamiltonian (23) together with R = 0 and
tx = t + (−1)x λ. (25)
The electric circuit is constructed by choosing inductors and
capacitors satisfying (24). The energy spectrum is shown as a
function of λ in Fig.4(a). There are "zero-energy" edge states
for λ > 0, signaling that the system is topological, while the
system is trivial for λ < 0 with no edge states. The edges
are said topological for λ > 0. These two phases are clearly
distinguishable by examining quantum walks. Let a quantum
FIG. 4: (a) "Energy spectrum" as a function of λ. There are "zero-
energy" edge states indicated by a red line in the topological phase
(λ > 0), while there are no edge states in the trivial phase (λ < 0).
(b) Time evolution of a quantum walk in the topological phase (λ =
0.5), and (c) that in the trivial phase (λ = −0.5). A quantum walk
does not diffuse for the topological phase, while it diffuses for the
trivial phase.
walker start from one of the edges. Namely, we consider the
initial state chosen to be perfectly localized at one edge. In the
topological phase, a nonzero local density of state (LDOS)
remains at the edge as shown in Fig.4(b), while the LDOS
rapidly decreases for the trivial phase as shown in Fig.4(c).
These behaviors are understood analytically as follows. By
expanding the initial state in terms of the eigenstates as
ψinix =
∑
j
cjψ
(j)
x , (26)
the dynamics is given by
ψx (t) =
∑
j
cje
iEjψ(j)x , (27)
where Ej is the j-th energy, and ψ(j)x is the eigenstate with
the energy Ej . For the topological phase the coefficient cj has
the largest value for the edge state, which has no dynamics. It
results in a nonzero LDOS at the edge as in Fig.4(b). On the
other hand, there is no dominant cj for the trivial states, which
results in the rapid spread of the initial state in Fig.4(c).
Non-Hermitian nonreciprocal quantum walk: Next, by
choosing
αx = γ
−2x
√
C1
Cx
, βx = γ
−2x+1
√
C1
Lx
(28)
in (18), we construct a non-Hermitian nonreciprocal
model10,38–40,
H =
∑
x
tx
(
γ |ψx〉
〈
ψx+1
∣∣+ 1
γ
∣∣ψx+1〉 〈ψx|)−iR |ψx〉 〈ψx| ,
(29)
4FIG. 5: (a) Time evolution of the mean value M(t) in electric cir-
cuits. (b) Time evolution of the variance V (t). Cyan curves repre-
sent a reciprocal quantum walk, while magenta curves represent a
nonreciprocal with γ = 1.1 quantum walk. Black dotted lines are
asymptotic formula for t→∞.
where the parameter γ represents the nonreciprocity. The tele-
grapher equation is given by
i
d
dt
ψx =
iγ√
LC
ψx−1 − iRψx −
i
γ
√
LC
ψx+1. (30)
We find an analytic solution
Ψx (t) = γ
xe−RtJ|x|
(
2√
LC
t
)
. (31)
The generating function is
G (k) = e−2RtI0
(
2t
√
γ2ek + e−k/γ2 − 2
LC
)
. (32)
The total LDOS reads
∞∑
x=−∞
|ψx (t)|2 = e−2RtI0
(
2t
√
γ2 + 1/γ2 − 2
LC
)
. (33)
Indeed, it reproduces the result 〈1〉 ≡∑∞x=−∞ |ψn (t)|2 = 1
for γ = 1 and R = 0. The mean value is defined by
M (Ψ) = 〈x〉 / 〈1〉, where we note 〈1〉 6= 1 in general, whose
asymptotic behavior is given by
lim
t→∞M (Ψ)
=
γ2 − 1/γ2
4
(
γ2 + 1γ2 − 2
) ( 4t√
LC
√
γ2 +
1
γ2
− 2− 1
)
. (34)
The variance is given by V (Ψ) =
〈
x2
〉
/ 〈1〉−M2 (Ψ), which
reads
lim
t→∞V (Ψ) =
1
2
(
γ2
(1− γ2)2 +
√
γ2 +
1
γ2
− 2 t√
LC
)
,
(35)
where we have used the asymptotic formula of the modified
Bessel function limt→∞ I0 (t) = et/
√
2pit. We show the time
evolution of the mean value and the variance in Fig.5. The
asymptotic behaviors well reproduce the analytic results.
Discussions: In this work we have demonstrated that the
telegrapher equation and the Schrödinger equation are math-
ematically equivalent. Consequently, their eigen functions
are identical although they describe different physical objects.
It is important that the mathematical equivalence justifies us
to use the eigen function (8) in the electric-circuit system to
simulate the quantum dynamics governed by the Schrödinger
equation. As an explicit example, we have derived the os-
cillatory pattern characteristic to a quantum walk, provided
electric circuits are appropriately designed.
We have also studied dissipative and nonreciprocal quan-
tum walks by tuning sample parameters. In a nonreciprocal
quantum walk, the variance is proportional to time which is
smaller than that in a reciprocal quantum walk, where it is
proportional to the square of time. It will be a benefit for fu-
ture high-speed quantum search. Electric circuits have a merit
that they are easily equipped compared with other methods
such as photonic, wave-guide and nuclear-magnetic resonant
systems. Furthermore, there is a potentiality to construct inte-
grated circuits of quantum walks.
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